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JACOB’S LADDERS AND THE NONLOCAL INTERACTION OF
THE FUNCTION Z(t) WITH THE FUNCTION Z˜2(t) ON THE
DISTANCE ∼ (1− c)π(t) FOR A COLLECTION OF
DISCONNECTED SETS
JAN MOSER
Abstract. It is shown in this paper that there is a fine correlation of the third
order between the values of the functions Z[ϕ1(t)] and Z˜2(t) which corresponds
to two collections of disconnected sets. The corresponding new asymptotic
formula cannot be obtained within known theories of Balasubramanian, Heath-
Brown and Ivic.
1. Result
1.1. Let (see [2], (3), (4))
G1(x) = G1(x;T,H) =
⋃
T≤t2ν≤T+H
{
t : t2ν(−x) < t < t2ν(x), 0 < x ≤ π
2
}
G2(y) = G2(y;T,H) =
=
⋃
T≤t2ν+1≤T+H
{
t : t2ν+1(−y) < t < t2ν+1(y), 0 < y ≤ π
2
}(1.1)
(1.2) H = T 1/6+2ǫ,
and the collection of the sequences {tν(τ)}, τ ∈ [−π, π], ν = 1, 2, . . . be defined by
the equation (see [2], (1))
(1.3) ϑ[tν(τ)] = πν + τ ; tν(0) = tν .
1.2. In this paper we obtain some new properties of the signal
Z(t) = eiϑ(t)ζ
Å
1
2
+ it
ã
generated by the Riemann zeta-function. Namely, let
(1.4) G1(x) = ϕ1[G˚1(x)], G2(y) = ϕ1[G˚2(y)]
where y = ϕ1(T ), T ≥ T0[ϕ1] is the Jacob’s ladder. The following theorem holds
true.
Theorem. ∫
G˚1(x)
Z[ϕ1(t)]Z˜
2(t)dt =
2
π
H sinx+O(T 1/6+ǫ),
∫
G˚2(y)
Z[ϕ1(t)]Z˜
2(t)dt = − 2
π
H sin y +O(T 1/6+ǫ),
(1.5)
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where
(1.6) t− ϕ1(t) ∼ (1− c)π(t), t→∞,
and c is the Euler’s constant and π(t) is the prime-counting function.
Let us remind another representation of the signal Z(t) given by the Riemann-
Siegel formula (in its local form)
Z(t) = 2
∑
n<P0
1√
n
cos{ϑ(t)− t lnn}+O(T−1/4), t ∈ [T, T +H ], P0 =
…
T
2π
,
i.e. in the form of the resultant oscillation of the system of nonlinear oscillators
2√
n
cos{ϑ(t)− t lnn}; ϑ(t) = t
2
ln
t
2π
− t
2
− π
8
+O
Å
1
t
ã
(at the same time see, for example, the expression Z[tν(τ)] by (1.3)).
1.3. Let (comp. (1.4))
(1.7) T = ϕ1(T˚ ), T +H = ϕ1(
˚
T˙ +H).
Since (see (1.6), (1.7))
T˚ − ϕ1(T˚ ) ∼ (1− c) T˚
ln T˚
⇒ T˚ − T ∼ (1− c) T˚
ln T˚
⇒ T˚ ∼ T
we have seen (see (1.2))
T˚ − (T +H) ∼ (1− c) T˚
ln T˚
−H ∼ (1 − c) T˚
ln T˚
,
i.e. T˚ > T +H . Then we have
[T, T +H ] ∩ [T˚ ,
˚
T˙ +H ] = ∅; T +H < T˚ ,
ρ{[T, T +H ]; [T˚ ,
˚
T˙ +H]} ∼ (1− c)π(T ),
(1.8)
where ρ stands for the distance of the corresponding segments (comp. [5], (1.3),
(1.6)).
Remark 1. Some nonlocal interaction of the functions Z[ϕ1(t)] and Z˜
2(t) is ex-
pressed by the formula (1.5) where (see (1.7))
t ∈ G˚1(x) ∪ G˚2(y) ∩ [T˚ ,
˚
T˙ +H] ⇒ ϕ1(t) ∈ G1(x) ∪G2(y) ∩ [T, T +H ].
Such an interaction is connected with two collections of disconnected sets unbound-
edly receding each from other (see (1.8), ρ→∞ as T →∞) - like mutually receding
galaxies (the Hubble law). Compare this remark with the Remark 3 in [5].
Remark 2. The asymptotic formulae (1.5) cannot be obtained by methods of Bal-
asubramanian, Heath-Brown and Ivic (comp. [1]).
This paper is a continuation of the series [3]-[15].
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2. The first corollaries
First of all, we obtain from (1.5)
Corollary 1.
(2.1)∫
G˚1(x)∪G˚2(y)
Z[ϕ1(t)]Z˜
2(t)dt =
ß 2
π (sinx− sin y)H +O(T 1/6+ǫ) , x 6= y
O(T 1/6+ǫ) , x = y,
∫
G˚1(x)
Z[ϕ2(t)]Z˜
2(t)dt−
∫
G˚2(y)
Z[ϕ2(t)]Z˜
2(t)dt =
2
π
(sinx+ sin y)H +O(T 1/6+ǫ).
Next, in the case x = y = π2 we obtain
Corollary 2. ∫
G˚1(pi2 )∪G˚2(
pi
2 )
Z[ϕ1(t)]Z˜
2(t)dt = O(T 1/6+ǫ),
∫
G˚1(pi2 )
Z[ϕ1(t)]Z˜
2(t)dt−
∫
G˚2(pi2 )
Z[ϕ1(t)]Z˜
2(t)dt =
4
π
H +O(T 1/6+ǫ),
where [T˚ ,
˚
T˙ +H ] ⊂ G˚1
(
π
2
) ∪ G˚2 (π2
)
.
3. Law of the asymptotic equality of the areas of the positive and
negative parts of the graph of the function Z[ϕ1(t)]Z˜
2(t)
Let
G˚+1 (x) =
¶
t : t ∈ G˚1(x), Z[ϕ1(t)]Z˜2(t) > 0
©
,
G˚−1 (x) =
¶
t : t ∈ G˚1(x), Z[ϕ1(t)]Z˜2(t) < 0
©
,
G˚+2 (x) =
¶
t : t ∈ G˚2(x), Z[ϕ1(t)]Z˜2(t) > 0
©
,
G˚−2 (x) =
¶
t : t ∈ G˚2(x), Z[ϕ1(t)]Z˜2(t) < 0
©
.
(3.1)
Then we obtain from (2.1) by (1.1), (3.1) the following
Corollary 3. ∫
G˚+
1
(x)∪G˚+
2
(x)
Z[ϕ1(t)]Z˜
2(t)dt ∼
−
∫
G˚−
1
(x)∪G˚−
2
(x)
Z[ϕ1(t)]Z˜
2(t)dt, T →∞.
(3.2)
Indeed, from (1.5) by (3.1) we have
0 < (1− ǫ) 2
π
H sinx <
∫
G˚1(x)
≤
∫
G˚+
1
(x)
≤
∫
G˚+
1
(x)∪G˚+
2
(x)
,
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and similarly
0 < (1− ǫ) 2
π
H sinx < −
∫
G˚−
1
(x)∪G˚−
2
(x)
.
Hence, from (2.1), x = y, we get
∫
G˚+
1
(x)
+
∫
G˚−
1
(x)
+
∫
G˚+
2
(x)
+
∫
G˚−
2
(x)
= O(T 1/6+ǫ) = o(H)
(see (1.2), i.e. (3.2)).
Remark 3. The formula (3.2) represents the law of the asymptotic equality of the
areas (measures) of the figures which correspond to the positive part and negative
part, respectively, of the graph of the function
(3.3) Z[ϕ1(t)]Z˜
2(t), t ∈ G˚1(x) ∪ G˚2(x)
with respect to the disconnected sets G˚+1 (x) ∪ G˚+2 (x), G˚−1 (x) ∪ G˚−2 (x). This is one
of the laws governing chaotic behavior of the positive and negative values of the
function (3.3).
4. Proof of the Theorem
4.1. Let is remind that
Z˜2(t) =
dϕ1(t)
dt
, ϕ1(t) =
1
2
ϕ(t)
where
Z˜2(t) =
Z2(t)
2Φ′ϕ[ϕ(t)]
=
Z2(t){
1 +O ( ln ln tln t
)}
ln t
(see [3], (3.9); [5], (1.3); [9], (1.1), (3.1), (3.2)). Thus, the following lemma holds
true (see [8], (2.5); [9], (3.3)).
Lemma. For every integrable function (in the Lebesgue sense) f(x), x ∈ [ϕ1(T ), ϕ1(T+
U)] the following is true
(4.1)
∫ T+U
T
f [ϕ1(t)]Z˜
2(t)dt =
∫ ϕ1(T+U)
ϕ1(T )
f(x)dx, U ∈
Å
0,
T
lnT
ò
,
where t− ϕ1(t) ∼ (1− c)π(t).
Remark 4. The formula (4.1) remains true also in the case when the integral on
the right-hand side of eq. (4.1) is only relatively convergent improper integral of
the second kind (in the Riemann sense).
In the case (comp. (1.7)) T = ϕ1(T˚ ), T + U = ϕ1(
˚
T˙ + U) we obtain from (4.1)
(4.2)
∫ ˚T¯+U
T˚
f [ϕ1(t)]Z˜
2(t)dt =
∫ T+U
T
f(x)dx.
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4.2. First of all, we have from (4.2), for example,
(4.3)
∫ t˚2ν(x)
t˚2ν(−x)
f [ϕ1(t)]Z˜
2(t)dt =
∫ t2ν(x)
t2ν(−x)
f(t)dt,
(see (1.4). Next, in the case
f(t) = Z[ϕ1(t)]Z˜
2(t), t ∈ G˚1(x) ∪ G˚2(y)
we have the following Z˜2-transformation∫
G˚1(x)
Z[ϕ1(t)]Z˜
2(t)dt =
∫
G1(x)
Z(t)dt,
∫
G˚2(y)
Z[ϕ1(t)]Z˜
2(t)dt =
∫
G2(y)
Z(t)dt,
(4.4)
(see (1.1), (4.3)). Let us remind that we have proved the following mean-value
formulae (see [2]) ∫
G1(x)
Z(t)dt =
2
π
H sinx+O(T 1/6+ǫ),
∫
G2(y)
Z(t)dt = − 2
π
H sin y +O(T 1/6+ǫ).
(4.5)
Now, our formulae (1.5) follow from (4.4) by (4.5).
I would like to thank Michal Demetrian for helping me with the electronic version
of this work.
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